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We study the group properties of the spectrum of a strongly continuous 
unitary representation of a locally compact Abelian group G implementing an 
ergodic group of *-automorphisms of a von Neumann algebra ‘9% It is shown 
that in many cases the spectrum equals the dual group of G; e.g. if G is the 
integers and X not finite dimensional and Abelian, then the spectrum is the 
circle group. 
1. INTRODUCTION 
In ergodic theory there are several results on the spectrum of the 
unitary operator on L2 defined by an ergodic transformation. In the 
present paper we shall prove similar results for ergodic groups of 
*-automorphisms of a von Neumann algebra. Our setting is mostly 
the following: !R is a von Neumann algebra, G a group, and CL 
representation of G as an ergodic group of *-automorphisms on %. We 
assume 01 is implemented by a unitary representation U of G. After a 
dicussion of the eigenvectors and eigenvalues for U in the first part, we 
specialize to the situation when G is locally compact and Abelian, and 
U is strongly continuous in the second. Then the work of Arveson [2], 
Borchers [18], and Connes [3] on the spectrum for 01 is available. 
If by Stone’s theorem U, = lG (y, g) dP, , the spectrum of U is the 
same as the support of the projection valued measure dP. We show 
that if ker U = ker 01 then Sp U equals the dual group of G/ker U, 
and that this result is applicable to the GNS representation of an 
invariant state (e.g. to asymptotically Abelian C*-algebras). If we 
specialize to the case when G is the integers Z or the reals R then 
usually Sp U = G. If they are different then there exists a faithful 
normal G-invariant state, and % is Abelian. As a consequence it 
follows that in ergodic theory, when % is Abelian and W is the unitary 
operator defined by an ergodic transformation, then the spectrum of 
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W is the whole unit circle, unless ‘$I is finite dimensional as a complex 
vector space. 
The author is indebted to A. Connes for some valuable comments. 
2. EIGENVALUES 
If ‘8 is a von Neumann algebra we denote by Aut % the group of 
*-automorphisms of %. If G is a group and cy. a representation of G 
in Aut ‘% we say an operator V in 9Z is an eigenoperator for a: if V # 0 
and for each g E G there is a complex number (y, g) such that a,(V) = 
(y, g)V. We say cy represents G as an ergodic group of automorphisms 
(or just that G is ergodic) if for A E %, $A) = A for all g E G, 
implies A = hl for some scalar X, where I is the identity operator. 
LEMMA 2.1. Let ‘8 be a von Neumann algebra, G a group and OL a 
representation of G as an ergodic group of *-automorphisms of ‘R Then 
we have 
(1) If V is an eigenoperator for 01, and olg( V) = (y, g) V then y is 
a character on G, called the eigenvalue for V. 
(2) The eigenvalues form a subgroup of the character group on G. 
(3) Two eigenoperators with the same eigenvalue are scalar 
multiples of the same unitary operator. 
(4) Let !IX be the weak closure of the vector space spanned by the 
eigenoperators. Then ‘9lI is a von Neumann subalgebra of !R, called the 
eigenalgebra for G in 93. 
Proof. With V as in (I) we have for g, h E G, (y, gh) V = agh( V) = 
CX&C+JV)) = a&(~, h)V) = (y, h)(r, g)V, so y is a character, and 
(1) follows. Furthermore, we have a&V*) = as(V)* = ((y, g)V)* = 
(y-i, g) V*, so that V* is an eigenoperator with eigenvalue y-l. Let U be 
an eigenoperator with eigenvalue p. Then o~g( UV) = (yp, g) UV, so 
yp is an eigenvalue if UV # 0. Thus, (2) follows as soon as we 
have shown (3). But V*V # 0 and VV* # 0, so the above shows 
that V*V and VV* are eigenoperators with eigenvalue 1, the identity 
character. Thus, a& V*V) = V*V, so V*V is a scalar operator, 
since G is ergodic. Similarly VV* is a scalar operator. Since 
11 V*V 11 = 11 VV* [/, VV* = V*V; hence, V is a scalar multiple of a 
unitary operator. Similarly, if U is an eigenoperator with eigenvalue y, 
we see that U*V is a scalar, so (3) follows. 
For each eigenvalue y choose a unitary eigenoperator V, with eigen- 
value Y. BY (3) V,V, = r(r, P) V,, where r(y, II) is a complex number 
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of modulus one. Thus, V,,V, E!~R. Since V,* = cV,,-1 by the above 
proof, V,* E%@. Thus, (4) follows. 
THEOREM 2.2 Let !9I be a von Neumann algebra, G a group and OL 
a representation of G as an ergodic group of *-automorphisms of 93. 
Suppose wzO is a G-invariant vector state on ‘$I with x,, a vector which is 
cyclic for the eigenalgebra %H for G in !R. Then !$I = ‘9JI, and ozO is a 
faithful normal trace on W. 
Proof. Let 0 = 0%. . Since G is ergodic w is the unique normal 
G-invariant state on %, see e.g. [8], and also o is faithful. Let V be a 
unitary eigenoperator with eigenvalue y. Let A E %. Then for g E G, 
w( V*qA)v) = w(c+( v*) A+(V)) 
= f-+-l, g-y V*A(y, g-y V) 
= w(V/‘*AV). 
Thus, the state A -+ o( V*AV) is G-invariant, so by the uniqueness of 
o, o(V*AV) = o(A) f or all A E ‘R In particular w(AV) = w(VA), 
and V is in the centralizer !R2, for w. 
Since w is faithful, x,, is separating for Xi; hence, by our assumption, 
x,, is separating and cyclic for both R and mm. From Tomita theory, 
see [17], there is a conjugation J and a positive self-adjoint operator 
d-the modular operator for x,-such that JLWAX,, = A*x,, for all 
AE’%,and J’%J=‘W.Now%XC%i,,hencedV=VAforallV~~ 
[17, Lemma 15.81. Since x0 is a trace vector for %X, we have that the 
conjugation defined by x,, relative to 1uz is given by Vx, + V*x, , and 
the modular operator is the identity operator. But if V E’!IR then 
JVx, = JVLVX, = JN2Vxo = V*x, , so J and d extend the cor- 
responding operators for ‘%X. Thus, by [17, Theorem 12.11 ‘%’ C ‘W = 
JmJC J%J= ‘X, and 9X = ‘33. The proof is complete. 
Remark 2.3. The above theorem is trivial if 93 is Abelian. Indeed, 
then !W is Abelian and has a cyclic vector. Thus, ‘$R is maximal 
Abelian, so 9JI = ‘$3. 
COROLLARY 2.4. If in Theorem 2.2 the group of eigenvalues is cyclic, 
then ‘8 is Abelian. 
Proof. Let y be a generator for the group of eigenvalues, and let 
V, be a unitary eigenoperator with eigenvalue y. Let V,,. = VYn. 
Then Vyn is an eigenoperator with eigenvalue ylt, so 1Dz is Abelian, 
hence so is ‘3. 
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It might be expected that we always have ‘9J3 and hence ‘3 Abelian 
when G is Abelian. In order to explain the difficulty we give an 
example. 
Let G be the four group, G = { 1, a, b, c], where u2 = b2 = c2 = 1, 
ab = c, UC = b, bc = a. Let U be the unitary representation of G on 
C4 defined by 
Let 
Then UV = - VU. Let % the vector space spanned by I, C,‘, V, UV. 
Then 93 is a non-Abelian von Neumann algebra. Furthermore, 
u,vc.6* = -V, U,,VU,* = -V, U,UU,* = U, UbUU,* = -U. 
Thus, U, defines a group of *- automorphisms of ‘$3. Since the only 
diagonal operators in ‘93 are the scalars, the group is ergodic on ‘3. 
Note that I, V, 77, UV are all eigenoperators for 77, , so ‘33 = ‘9X. 







then U,X, = U,x, = U,x, = x0, and x0 is cyclic for ‘33. We thus have 
the situation in Theorem 2.2 with 93 non-Abelian. 
The assumption in Theorem 2.2 says in a general way that a. has 
pure point spectrum. The next result explains this in more detail. 
THEOREM 2.5. Let 93 be a von Neumann algebra, G a group, and cy 
a representation of G us an ergodic group of *-automorphisms of ‘3. 
Assume 01 is implemented by a unitary representation U of G, and that 
there is a unit vector x0 cyclic for 9Z such that U,x, = x0 for all g E G. 
Then there is a bijection between eigenoperutors V for CY. and eigenvectors 
for U given by V -+ Vx, . V and VxO have the same eigenvulue; hence, 
the eigenvalues for U form a group. 
206 ERLING STPIRMER 
Proof. For A’ E %’ let &(A’) = U&l’ U;l, g E G. Then & E Aut %‘. 
If &(A’) = A’ f or all g then A’xa = U,A’ U;‘X, = U,A’x, . But 01 is 
ergodic on ‘%, so x,, is the unique eigenvector with eigenvalue 1. Thus, 
A’x, = hx, for some complex number h. Since x0 is cyclic for ‘% it is 
separating for %‘. Thus, A’ = Xr, and /3 is ergodic on %‘. Let x be an 
eigenvector for 77, say U,x = (y, g)x for all g E G. Then 0% is G- 
invariant on %‘, hence by uniqueness of ozO , wz = wz. on ‘9X’. Thus, 
there is an operator V in ‘8 such that x = I/x, (define V by VA’x,, = 
A’x). But if g E G then 01g( V)x,, = U,Vx, = Uex = (y, g)x = (y, g) Vx, . 
Since x,, is separating for ‘%, since 01 is ergodic, V is an eigenoperator 
with eigenvalue y. Conversely, if I’ is an eigenoperator for 01 with 
eigenvalue y and x = Vx, , then U,x = U,VU;lx, = ae( V)x,, = 
(Y, g) ~%I = (Y, g> x, so x is an eigenvector with eigenvalue y. An 
application of Lemma 2.1 completes the proof. 
The above theorem is a generalization of the so-called proper value 
theorem in ergodic theory [6, p. 341. We shall now digress somewhat 
and give a quick proof of the so-called discrete spectrum theorem in 
ergodic theory [6, p. 461, generalized to arbitrary groups. If G is a 
group and U a unitary representation of G on a Hilbert space Js, we 
say U has pure point spectrum if !$ has an orthonormal basis of eigen- 
vectors for U. Let for i = 1,2 5F$ be a von Neumann algebra, G a 
group, and ai a representation of G in Aut 9Jzi such that (Y~ is imple- 
mented by a unitary representation Ui on the underlying Hilbert 
space Jsi . We say (91tl , Ul) is isomorphic to (‘$& , U2) if there is a 
unitary operator W of $3i onto 5, such that W%i IV* = !X2 , and 
WU,lW* = U,2 for all g. 
THEOREM 2.6. Let G be a group. Let for i = 1, 2, pi be an abelian 
van Neumann algebra, oli be a representation of G as an ergodic group of 
*-automorphisms of ‘Bi implemented by a unitary group Ui. Assume U1 
and U2 both have pure point spectra and invariant vectors cyclic for 
‘13~ and !R2, respectively. Then (‘!I& , Ul) is isomorphic to (‘S2 , U2) if and 
only if U1 and U2 have the same groups of eigenvalues. 
Proof. The necessity is trivial. Assume U1 and U2 have the same 
group H of eigenvalues. Since %r is Abelian we can choose a 
*-representation 7r of 9& onto the complex numbers. Let by Theorem 
2.5 V, be a unitary eigenoperator for 01~ in %i for each y E H. Let 
F+,, = T(V,) V,, . Th en rV is also an eigenoperator with eigenvalue y. 
Since by Lemma 2.1 V,V, = r(y, p) V,, with r(y, p) a complex 
number of modulus 1, an easy computation shows that y -+ pY is a 
representation of H into ‘%I . Replacing V, by PY and similarly for 
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‘9& , we may assume V1 and V2 are unitary representations of H into 
%r and %a, respectively, such that VYi is an eigenoperator with 
eigenvalue y. Let x 0i be the cyclic invariant vector for Ui let xYi = 
V:X,,~, i = 1, 2. By Theorem 2.5 {q,(} ’ is a complete set of eigenvectors 
for Ui, and by hypothesis {xyi> is an orthonormal basis for ai . Let 
P,,i be the one dimensional projection onto ~,i. Then by spectral 
theory Ugi = CVEH (y, g) P,,i. Define a unitary operator W of Jsl onto 
sj2 by WX,~ = xY2. Then an easy computation shows WPylWy* = Py’, 
and WVy1W*xu2 = WV,% l = WV,,lVulx,l = WV$, = Wx’ = 
xtw = VV2xU2. Thus, WV,lG* = V,,2, so by Theorem 2.2 (cf. Regark 
2.3) W’S, W* = %a . The proof is complete. 
Remark 2.7. The assumption that %r and !X2 are Abelian is 
necessary in the above theorem. Indeed, if we in the example after 
Corollary 2.4 replace ‘% be the linear span of 
0 0‘ 1 0 
Vl= t 1000 1 0 0 0 1 0 0 1 0 
I, U, and UV1, then we have an Abelian von Neumann algebra %, 
where ‘CJ is as in the example. Let U, , U, , UC be as in the example. 
Then it is easy to see that we have a representation of the four group 
as an ergodic group of * -automorphisms of %. x,, is cyclic for $I as 
well as for % and the eigenvalues are the same. Since ‘8 and ‘% are not 
*-isomorphic the conclusion of the theorem does not hold. 
3. SPECTRA 
In this section we shall study the situation when % is a von Neumann 
algebra, G a locally compact Abelian group, 01 a representation of G 
as an ergodic group of *-automorphisms of %, and U a strongly 
continuous unitary representation implementing 01. By Stone’s 
theorem there is a projection valued measure P on the dual G of G 
such that 
u, = s, (Y, cd dp, . 
Our main interest will be the support of the measure P. This set 
will be the same as the spectrum of U as defined below. In the case 
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G is cyclic generated by g, then the support of P equals the spectrum 
of the unitary operator U, . 
Following Arveson [2], Borchers [18] and Forelli [S] we define two 
representations rLI and 7r, of Ll(G) into the bounded operators on 
the underlying Hilbert space S, and %, respectively, by 
and 
where f E L1( G) and dt is the Haar measure on G. If f ELV,G) we let 
Z(f) = {y E &f(y) = 0). We let Sp 01 (resp. Sp U) be 0 Z( f ), where 
f runs through the set of functions in D(G) such that nIT,( f) = 0 
(resp. mLI( f) = 0). Note that if x, y E $s then 
so sp u = supp P. 
If x E $$ and A E !X we let Sp, x = n Z(f ), where nU(f )x = 0, and 
spa A = n Z(f )9 w h ere ra(f )A = 0. If E is a closed set in G we 
denote by MU(E) (resp. M”(E)) the set of A E !JJ (resp. x E $j) such 
that Sp, A C E (resp. Sp, x C E). As remarked in [2] it is easy to see 
that M”(E) = P(E). Note that if y is an isolated point in Sp a: then y 
is an eigenvalue, and every operator in Mm((y}) is an eigenoperator 
with eigenvalue y- I. The proof of the next lemma is almost a direct 
copy of a similar proof in [9] based on one in [2]. 
LEMMA 3.1. Let $3 be a van Neumann algebra, G a locally compact 
Abelian group and OL a representation of G into Aut 93 implemented by a 
strongly continuous unitary representation U. Let E and F be closed 
subsets of e, A E M%(E), x E Mu(F). Then Ax E M”(E + F). 
Proof. If D is a closed subset of G let Rv(D) (resp. Ra(D)) denote 
the closed subspace of $Y (resp. %) generated by the ranges of all 
operators TV(f) (resp. r,Jf )) with f E L1(G) and suppp C D is compact. 
By [2, Proposition 2.21, MU(D) = fiN RU(D + N) (resp. m(D) = 
fh RN(D + NJ), w h ere N runs through the compact neighborhoods 
of the identity in G. (We denote multiplication in G and G additively 
in what follows.) In order to prove the lemma let N be a compact 
neighborhood of 0 in G. It suffices to show Ax E RU(E + F + N). 
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For this let M be a compact neighborhood of 0 in (14 such that 
M + MC N. It suffices by density arguments to consider the case 
when A = a,(g)B with B E % and supp 6 C E + M, and x = 7rU(f) y 
with supp3 C F + M, y E sj. We must show 
dg) B4.f)~ E R’(E +F + Ml. 
Computing we see 
4g) Bdf>r = s,,. f &)fM at(BUwy) du dt 
= 11 g(t) f (4 utBu,-, Y du dt 
zcz JJ g(t) f (w + t) UtB uwy dw dt
z=z j” ( j- &)f&) ut dt) Buwy dw 
= s dgfw) B~,Y dw 
zzz s z, dw, 
wheref,(t) =f(w + t) and x, = no(gfu)) BU, y. Since 
suppg&CE+F+M+M 
zW E RU(E + F + N). Therefore, J z, dw E R*(E + F + I?), and the 
lemma follows. 
THEOREM 3.2. Let ‘$I be a von Neumann algebra, G a locally 
compact Abelian group and LY a representation of G as an ergodic group 
?.?. * -automorphisms of I#. Suppose cy. is implemented by a strongly con- 
tinuous unitary representation U of G, and let N be the kernel of 01 in G. 
Then we have 
(1) Sp a is canonically isomorphic to G*. 
(2) SpolCyfSpUforsomeyEG. 
(3) If U, = Ifor each g f N then Sp U = Sp LY. 
Proof. By a result of Connes [3, Theo&me 2.2.23 Sp 01 is a closed 
subgroup of G. By [3, Lemme 2.3.81 if g E G then Sp ag as an operator 
on % equals the closure of the set ((7, g): y E Sp CX). Thus, g E N if 
and only if g belongs to the annihilator of Sp CK. By [ll, Lemma 2.1.3-J 
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Sp 01 is the annihilator of N in G; hence, by [l 1, Theorem 2.121 
Sp (Y is canonically isomorphic to G%, proving (1). 
In order to show (2) we first remark that if E is a closed set in G 
and P(E) # 0, then P(E) is separating for X Indeed, let AP(E) = 0. 
Then P(E) A* = 0; hence, P(E) annihilates the range projection to 
A*. Since P(E) U,A*U,* = U,P(E) A*U,* = 0, P(E) annihilates 
the range projection to U,A * U 8*; hence, the union Q of all these range 
projections. But Q E 8 and Q is invariant under a. Since 01 is ergodic 
Q = 0, so A = A** = 0. 
If y E Sp U then 0 belongs to the spectrum of the representation 
g -+ (y, g) U, . Thus, in order to show (2) we may assume 0 E Sp U, 
and will show Sp (y. C Sp U. By [3, Lemme 2.1.31 (or rather by the 
arguments used in its proof) P(N) = Mu(N) # 0 for each compact 
neighborhood N of 0. Let y E Sp (Y. Then by [3, Lemme 2.1.31 
Ma(E) # 0 for each compact neighborhood E of y. Let 0 # A E Ma(E) 
and choose by the above paragraph x E M”(N) such that Ax + 0. 
By Lemma 3.1 Ax E M”(E + N). Since the neighborhoods E + N 
form a fundamental system of neighborhoods for y, y E Sp U by 
[3, Lemme 2.1.31. Thus, (2) follows. 
Assume U, = I for each g E N. Then the kernel of U is N, so U 
defines a strongly continuous unitary representation U of G/N by 
Ug+N = U, . By definition Sp r? C $. But we may identify @ 
with the annihilator of N in G [ll, Theorem 2.1.21. Thus, the unique- 
ness of the measure P in Stone’s theorem shows Sp 0 = Sp U. Also 
01 defines a representation B of G/N into Aut % in a similar manner. 
By (1) Sp 01 = Sp Z = 6$. We, thus, have by (2) that @ = 
SpaCy+SpUCGGforsomeyE6$,soSpU=SpU=@. 
The proof is complete. 
COROLLARY 3.3. In addition to the assumptions in Theorem 3.2 
assume there is a cyclic vector x0 for !R such that U,x,, = x,, for all 
g E G. Then Sp U is canonically isomorphic to G%. 
Proof. If g E N and A E ‘% then U,Ax, = or,(A) x0 = Ax, .Since 
x,, is cyclic for %, U, = I. Now apply Theorem 3.2. 
We next want to know what happens when Sp 01 is a discrete 
subgroup of G. By Theorem 3.2 this is equivalent to analyzing the 
situation when G/N is compact. 
THEOREM 3.4. Let !R be a von Neumann algebra, G a locally compact 
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Abelian group and 01 a strongly continuous representation of G as an 
ergodic group of *- automorphisms of %. Let N be the kernel of 01 and 
assume G/N is compact. Then ‘III is equal to the eigenalgebra for G in ‘92, 
and there is a unique faithful normal finite G-invariant trace on ‘9I. 
Proof. Recall that cy strongly continuous means that for each A in 
‘% the map g + g(A) is continuous when % is given the weak topology. 
01 induces a strongly continuous representation z of G/N as an ergodic 
group of *-automorphisms of %. Since G/N is compact so is the 
image of 2, hence so is 01~ . It is then immediate from the theorem in 
[16] that there is a normal G-invariant state w on ‘%. Since G is ergodic 
w is unique and faithful. Let r be the GNS-representation of !I? 
defined by w. Then r is a normal *-isomorphism of ‘Jz onto a von 
Neumann algebra. Replacing ‘% by n(‘%) we may assume there is a 
cyclic vector x0 for % and a strongly continuous unitary representation 
U of G implementing 01 such that U,x, = x,, for all g E G. By Theorem 
3.2 Sp N. is canonically isomorphic to G/N, which is a closed discrete 
subgroup of G [I 1, 1.7.31. By Theorem 2.5 the eigenvectors for U are 
given by V,x, where V,, is a unitary eigenoperator for 01 with eigenvalue 
y. Since Sp cx is a discrete group the eigenvalues are exactly the 
elements in Sp 01. By Corollary 3.3 Sp U is also a discrete group; 
hence, (V.,x, : y E Sp a> is a complete set of eigenvectors for U. Thus, 
x0 is cyclic for the eigenalgebra ‘%Q for G in 5%. An application of 
Theorem 2.2 now completes the proof. 
In ergodic theory the group G is usually the integers Z or the real 
numbers [w. This case has the technical advantage that every closed 
proper subgroup of the dual group is cyclic. 
THEOREM 3.5. Let YZ be a von Neumann algebra and G a locally 
compact group isomorphic to either U or R. Let 01 be a representation of G 
as an ergodic group of *-automorphisms of %. Assume (y. is implemented 
by a strongly continuous unitary representation U of G. Suppose 
Sp U = G. Then ‘92 is Abelian, and there is a unique -faithful normal 
G-invariant state on %. 
Proof. Since Sp U # G’, Theorem 3.2 shows Sp a! # G, so is a 
cyclic subgroup of &‘. Let N denote the kernel of 01. Then Sp 01 = G% 
by Theorem 3.2, so GIN is isomorphic to a closed subgroup of the 
circle group. By Theorem 3.4 % is equal to the eigenalgebra for G in %, 
and there is a faithful normal G-invariant trace on ‘%. Since the eigen- 
values for 01 form a cyclic group the argument in Corollary 2.4 shows 
% is abelian. The proof is complete. 
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If N is a positive integer let 1, co denote the Abelian von Neumann 
algebra consisting of the iV x N diagonal matrices. We say a single 
automorphism of a von Neumann algebra % is ergodic if its fixed 
points are the scalars. The following corollary is known in many 
special cases in ergodic theory, but to the best of my knowledge not 
in general. 
COROLLARY 3.6. Let ‘$I be a van Neumann algebra not isomorphic to 
1,” for any positive integer. Suppose W is a unitary operator imple- 
menting an ergodic *- automorphism of %. Then the spectrum of W is the 
unit circle. 
Proof. Let a,(A) = WnA W-“. Then LY. is a representation of Z as 
an ergodic group of * -automorphisms of %. If the spectrum of W is 
not the unit circle then by Theorem 3.5 ‘S is Abelian and there is a 
faithful normal G-invariant state on 8. Furthermore, Sp cy is a proper 
closed subgroup of the circle group, hence is finite. But then the 
eigenalgebra for G in % is finite dimensional as a complex vector 
space, so by Theorem 3.4 ‘% is *-isomorphic to some I,” contrary to 
assumption. 
4. APPLICATIONS 
We indicate some applications of the preceding theory to some 
aspects of the C*-algebra formalism of quantum physics. Let 2l be a 
C*-algebra and G a group of *-automorphisms of %. Assume ‘9I is 
G-Abelian, see [12] or [4], This is the most general definition of 
asymptotically abelian. Let p be an ergodic G-invariant state. Then by 
the GNS construction there is a Hilbert space fi, , a representation 7~~ 
of !Z and $3, , a unitary representation U of G on $3, , and a unit vector 
x0 cyclic for ~J%) such that p(A) = (no(A) x, , x,), n,(g(A)) = 
U,rr,(A) Vi1 for A E ‘9X, and UQxp = x, . Let ‘% = rr,(%)” and E the 
projection [%‘x,], which is the support of the state w5 on ‘X By 
[4, Theorem 31 or [12, Theorem 6.3.31, x0 is the unique invariant 
vector for U; hence, the proof of [14, Theorem 5.11 shows that the 
automorphisms olg . EAE ---f EU,AU;‘E act ergodically on E%E. Let 
V, = U,E. Then the preceding theory is applicable to 01, V and E%E. 
In particular we obtain that the eigenvalues for V form a group 
(Theorem 2.5); hence, we have obtained generalizations of results of 
Kastler, Robinson, and Ruelle [7; 10; 12, p. 1661. 
If G is locally compact Abelian and the representation of G as 
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*-automorphisms of % is strongly continuous, then so is U and, 
hence, Y. Thus, Corollary 3.3 shows that Sp V is a closed subgroup 
of G. 
Assume % is asymptotically Abelian with respect to G, i.e., there is a 
sequence {g,} in G such that 11 [g,(A), B] II---+ 0 as n -+ cc for all A, B 
in ‘9I. Suppose the state p is strongly clustering, i.e., 
for all A, B in 2l as n -+ co. Then x, is the unique eigenvector for U 
and, hence, for I’ [14, Corollary 4.61. Thus, Sp V cannot be a discrete 
subgroup of G! in this case, unless p is a pure state so V is the trivial 
representation. In particular, if G is either E or !R it follows that 
Sp V = G or {I}. 
We next show an analogous result of this last one in the C*-algebra 
formulation of quantum field theory. We assume there is assigned to 
every bounded region 0 in the four-dimensional Minkowski space M 
a C*-algebra d(0) of operators on an infinite dimensional Hilbert 
space 5. Let %1(O) = d(0)-, and assume I E ‘%1(O). We assume there 
is a strongly continuous unitary representation a + U(a) of the four 
dimensional translation group, identified with M, such that the 
following properties are satisfied. 
(1) The spectrum of U is contained in the closed forward light- 
cone. 
(2) If 0 is a bounded region then &‘(O + u) = U(a)&(O) U(a)*. 
(3) If two regions 0 and 0’ are space-like to one another then 
a?( 0) c d( 0’)‘. 
(4) If 0 C 0’ then d(O) C J&‘(U). 
(5) If (0,) is any covering of the unbounded region 0 C M of 
bounded regions, then the von Neumann algebra generated by the 
family {&( 0,)) is independent of the covering. and is denoted by 
Y*)* 
(6) There is up to a scalar multiple a unique vacuum vector x,, 
cyclic for S(M). 
Quite often one assumes the representation U is a representation of 
the Lorentz group as well. In that case the following result is well 
known. 
COROLLARY 4.1. Suppose we have a local field theory satisfying 
axioms (l)-(6). Let a be a space-like vector in M, and denote by U, the 
unitary representation t -+- U(ta) of R. Then Sp U, = [w. 
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Proof. As shown by Araki [l] there is a region 0 in M with nonvoid 
space-like complement such that 0 = 0 + Ra,, for some space-like 
vector a, . Multiplying a, by a scalar we may map a, onto a by a 
Lorentz transformation; hence, we may assume 0 is a region in M 
such that 0 = # + l&z, and such that there is a bounded nonvoid 
region 0’ space-like to 0. From the proof of [13, Theorem 4. l] x0 is 
separating and cyclic for ‘S(O), and q(A) = ZYJt) AU,(--t), t E R, is 
an ergodic group of * -automorphisms of S(6). If Sp U, # R then 
by Theorem 3.5 ‘S(O) is Abelian; hence, %(O’) is Abelian. But it is 
well known that this is impossible, see e.g. the proof of [13, Theorem 
4.1-j. 
Remark 4.2. In [13, Theorem 4. l] it was claimed that the von 
Neumann algebra g(O) b a ove is factor of type III. Doplicher pointed 
out to the author that the use of the edge-of-the-wedge theorem in 
the proof of the factor part was incorrect. Using [15, Corollary 31 
instead of [13, Theorem 2.21 we can still conclude that 8(O) is a von 
Neumann algebra of type III. 
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